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First we observe that when marginal conditions prevail, the z-com-
ponent of the vorticity vanishes. This follows from equation (94); for,

when ¢ = 0, (D*—a®)Z = 0; (170)

and this equation does not allow a non-zero solution which satisfies the
boundary conditions (cf. equation (96)) on Z. [The vanishing of Z under
stationary conditions follows even more generally from equation (73);
for, when 2{/ét = 0, V2{ = 0 and as is well known, Laplace’s equation
does not allow non-zero solutions which (or, the normal derivatives of
which) vanish on a closed boundary.] Hence, in this case, the solutions
for the horizontal components of the velocity given by equations (110)
and (111) become
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Now consider the average rate of viscous dissipation of energy by a
unit (vertical) column of the fluid. This is given byT

\=—2 J' {(0V?0) (Vo) + W)} dz
0
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-5 f {(D*—a?yw)+ (u(D>—a2)u)+ ((D*—ap)} dz,  (175)
0

where angular brackets signify that the quantity enclosed is averaged
over the horizontal plane. For w, u, and v given by equations (17 2) and
(174), we have
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Integrating by parts the second term on the right-hand side, we obtain
(of. equation (132)) .
i - = 2 dz. 177
o= f (D—a®) W dz = oy f @2 dz (177)
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(a) The solution for two free boundaries
In this case the boundary conditions (186) require

W=DW =D*W =0 forz=0andl; (189)

from the equation satisfied by W (namely (128)), it now follows that
D'W = 0 for z = 0 and 1. From equation (128) differentiated twice
with respect to z, we next conclude that D8W = 0 is also zero for z = 0
and 1. By further differentiations of equation (128), we can conclude,
successively, that all the even derivatives of ¥ vanish on the boundaries.

Thus DemW =0 forz=0 and1l and m=1,2,... (190)
['rom this it follows that the required solutions must be
W = A4dsinnmz (n = 1,2,...), (191)

where 4 is a constant and » is an integer. Substitution of this solution
in equation (128) leads to the characteristic equation

R = (n*n?+4-a®p*/a’. (192)

For a given a2, the lowest value of R occurs when n = 1; then

R = E’il:ﬁ (198)
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(b) The solution for two rigid boundaries

In view of the symmetry of this problem with respect to the two
bounding planes, it will be convenient to translate the origin of z to be
midway between the two planes. Then, the fluid will be confined between
z = #4-; and we have to seek solutions of the equation

(D2—a2)*W = — RaW (198)
which satisfy the boundary conditions
W =DW = (D*—a?2W =0 for z— -+ (199)

We may first observe that it follows from the evenness of the operator
(D*—a?p, and the identity of the boundary conditions which have to be
satisfied at z = 4}, that the proper solutions of equation (198) fall
into two non-combining groups of even and odd solutions. From general
considerations, it is clear that the lowest ‘state’ will be even with no nodes
while the first ‘excited state’ will be odd with a node at z — 0.

It is evident that the general solution of equation (198) can be ex-
pressed as a superposition of solutions of the form

W = e, (200)
where ¢ is a root of the equation
(¢*—a?? = — Ra®. (201)
Letting Ra? = 738, (202)
we find that the roots of equation (201) are given by
¢* = —a*(r—1) and ¢ = a*[14+37(14+iv3)]; (203)
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ggobooboooobooooodgn

W(z) = cW(—2) = W (z)

00 c=x100000000000DO0O0O0OODOODOOOOODODO

(20)

(21)



(203) O —(204),(205) O O

1
@ =—a*(t—1), ¢ =ad? [1 + 57(1 + i\/ﬁ)]
qo = a(T — 1)1/2
¢0 q/a=a+p4i000000200000000

aQ—ﬁ2:1+z

2
20&B::|:\/7§T
0000
a2:%(1+g)+% 1+7 412
622—%<1+g>+% 1474 72

0000(205) 00 Re(q),Im(¢) 000000000

Subtracting the first row from the third row and dividing the result by

—3/2, we get
1 1 1
—¢taniqg, gtanhiq g¢*tanhlg* || = 0,
0 V3—1 V341

Expanding this last determinant, we have

im{(v3+1)g tanh 3q}+q, tan 39, = 0.
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+(V/3 + i)qo tanh (%qo) — (V3 —i)q* tanh (%q) =0

= (V3 +4)gtanh (%q) - {(\/§+ i)gtanh (%q) }
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= Im{(\/§+ i)q tanh (%q) } + go tan <%qo> =0
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W = sin ggz — 0.017 sinh g1z cos g2z + 0.003 cosh ¢ z sin g2 2 (31)
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